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Atomic Scattering, Amplitudes for Electron Diffraction* 
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SCattering amplitudes for 40 keV. electrons have been computed from the partial waves scattering 
theory for selected atoms and for scattering angles between 0 ° and 28 °. The Thomas-Fermi 
potential was used in these calculations; in some instances Hartree potentials were also used and 
the results from the different potentials are compared. 

1. I n t r o d u c t i o n  

The atomic scattering amplitudes f(O) which are re- 
quired in the electron-diffraction determination of the 
molecular structure of gases have in the past  been 
estimated by the first Born approximation, 

2ko~ V(r) sin sr r2dr " (1) 
f(O) ~ fB(O) ---- ~ o sr 

Here k is 2~/2, ~ is -Ze2/hv, s is 2k sin (0/2), 0 is the 
scattering angle (twice the Bragg angle), v the velocity 
of the electron, and V(r) is the potential energy of the 
incident electron in the atomic field. The X-ray form 
factor 2'(0) is related to fB(O) by 

fB(O) = ( - 2 k ~ / 8 ~ ) ( 1 - F ( O ) / z ) .  (2) 

Recent work (Schomaker & Glauber, 1952; Glauber 
& Schomaker, 1953) has shown tha t  the first Born 
approximation, which is theoretically justified only for 
--oc -->- 0, fails at  the voltages used in electron-diffrac- 
tion studies and leads, for example, to apparent asym- 
metry  in the structures of molecules containing both 
heavy and light atoms. The atomic scattering ampli- 
tude actually is complex and, on the assumption tha t  
the molecular amplitude is simply a superposition of 
atomic amplitudes, the intensity scattered by a mole- 
cule is proportional to 

27' If~(0)l Ifj(0)l cos [~(0)-~j (0)]  sin sri_____j, (3) 
i, i 8r~i 

where 7(0) = argf(0) and rii is the distance between 
atoms i and j.  Complex atomic scattering amplitudes 
have recently been computed by the partial waves 
scattering theory for U and F atoms at  40 and 11 keV., 
and the scattering of the UF6 molecule, predicted 
from these results, was found to be in good agreement 
with experiment (Hoernl & Ibers, 1953). In  this paper 
we extend these calculations to other atoms and to a 
wider range of scattering angles at  40 keV. 
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2. T h e o r y  

The solution to the problem of elastic scattering of a 
beam of particles by a central potential is given by 

c o  

f(O) = (2 ik) - IZ (2 l+l ) (exp  [2i~z]-l)Pz (cos 0). (4) 
I=0 

When Oz < 1, the partial  phases ~z can be computed 
from the formula 

.~o = __Z~e2kocz~ f °°o V(r)J~+½ (kr)rdr . (5) 

For large values of ~t we have shown (Hoerni & Ibers, 
1953) tha t  the WKB method can be applied and tha t  
there results approximately 

ko¢ l °° V(r) [k2-(l+½)2/r2j-½dr. (6) 
(~l = ~ q+i)lk 

When the atom is very light (e.g. Z < 10) the second 
Born approximation can be used. This approximation, 
which is more convenient to apply but  valid only when 
If(0)l ~ fB(O) and 7(0) is small, gives 

7(0) = (k/4~fB(O)) IfB(k ', k")fB(k ' ' , k ) d ~ k , , ,  (7) 

where k and k '  refer to the directions of incidence and 
scattering, respectively, and k"  is integrated over the 
sphere [k"l = k (Glauber & Schomaker, 1953). 

3. P r o c e d u r e  and  r e s u l t s  

The choice of V(r) is limited. I t  would be most desir- 
able to use the Har t ree-Fock potentials for all atoms. 
These calculations, however, have not been carried 
out for neutral  atoms above calcium, and above kryp- 
ton the Hartree calculation has been made only for 
tungsten and mercury (Hartree, 1946). We have there- 
fore adopted the Thomas-Fermi  potential in the 
approximate form of Rozental (1936): 

Ze9 3 
V(r) = - ~, a~ exp [-bir/a] (8) 

r i=1 

where a 1 = 0.255, a 2 = 0.581, a a = 0.164, b 1 = 0.246, 
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Table 1. Values of ~(0) 
(Values in radians . )  

0 = 0 ° 1 ° 2 ° 4 ° 6 ° 8 ° 10 ° 
Z 

1 0"005 0.01 0.04 0.06 0.07 0.08 0.09 
3 0.02 0-04 0.08 0.14 0.18 0.21 0.23 
6 0"03 0.08 0.14 0.23 0.30 0"36 0.41 
9 0-05 0.11 0.19 0.31 0.41 0.50 0"57 

12 0"06 0.13 0.23 0.39 0.52 0.62 0.72 
15 0.07 0.15 0.27 0.46 0.61 0.74 0.85 
18 0"08 0.17 0.31 0.52 0.70 0-86 0"98 
22 0.10 0.20 0.35 0.60 0.82 0.99 1.14 
26 0-12 0-22 0.39 0.68 0.91 1.12 1.29 
32 0.14 0.26 0.45 0.77 1.05 1-29 1.50 
38 0.17 0-28 0.50 0.86 1.17 1.45 1.69 
44 0-19 0-31 0.54 0.93 1.28 1.59 1.86 
50 0.21 0"33 0.57 1.00 1.38 1.72 2.01 
56 0.22 0.35 0.60 1.07 1.47 1.84 2.15 
62 0.24 0-36 0.63 1.13 1.57 1.95 2.28 
68 0.25 0"38 0"65 1.19 1.65 2.05 2.41 
74 0"26 0-39 0.68 1.24 1.72 2.14 2.52 
80 0.27 0.41 0.70 1.28 1.78 2.23 2.63 
86 0.28 0.42 0-72 1.32 1.84 2.31 2.73 
92 0.29 0-43 0.73 1"35 1.89 2.38 2.82 
98 0"30 0.44 0.74 1.38 1.94 2.45 2.90 

12 ° 16 ° 20 ° 24 ° 28 ° 

0.10 0.11 0.12 0.12 0.13 
0.25 0-27 0-30 0.33 0.35 
0.44 0.51 0.56 0"60 0-64 
0.63 0.72 0-79 0-85 0.91 
0.80 0-92 1.02 1.10 1.16 
0.95 1.11 1-23 1.32 1.40 
1-09 1.28 1.43 1.54 1-63 
1.27 1.50 1-68 1-81 1-92 
1.44 1.70 1.91 2-07 2.20 
1.68 1.98 2.24 2.45 2-61 
1.89 2-24 2-54 2-78 2-98 
2.09 2.48 2-81 3.07 3-31 
2.26 2.69 3.05 3-35 3.62 
2.43 2.90 3.29 3.61. 3-90 
2.58 3"08 3"50 3.85 4-16 
2.72 3.26 3-71 4-09 4-40 
2.85 3-43 3.88 4.30 4"63 
2.98 3.58 4.07 4.50 4.85 
3.09 3.73 4.25 4.68 5-07 
3.20 3-86 4.42 4.86 5-27 
3"30 4.00 4.58 5.04 5-46 

• Table 2 .  Values of [f(0)[ 
(Values in Angs t r6m units . )  

0 = 0 ° 1 ° 2 ° 4 ° 6 ° 8 ° 10 ° 
Z 
1 4.4 0.62 0.222 0.066 0.031 0.018 0.012 
3 5.5 1.45 0.570 0.186 0-088 0.054 0,034 
6 7.9 2.35 0.991 0.344 0-167 0-102 0-068 
9 9.1 3.12 1.36 0.500 0.243 0-150 0.100 

12 9.9 3.78 1.68 0.629 0.314 0.194 0-129 
15 10.6 4.36 1.97 0.750 0.382 0-236 0.157 
18 11.2 4.87 2.23 0.860 0.445 0.275 0.183 
22 12-0 5-50 2.55 1"00 0.521 0"323 0-218 
26 12"6 6"07 2"84 1"12 0"593 0"367 0"250 
32 13"3 6"81 3"22 1"29 0"688 0.425 0-292 
38 13-9 7"44 3"56 1.43 0"770 0"477 0"328 
44 14-5 7-98 3 - 8 7  1"55 0.842 0.524 0-361 
50 14"9 8-46 4"14 1"66 0"904 0"568 0"391 
56 15-4 8"89 4.36 1.76 0"956 0"607 0-418 
62 15-6 9-28 4-58 1.84 1"00 0.641 0"443 
68 15-9 9"63 4.78 1.91 1.04 0"671 0.466 
74 16.2 9.94 4.96 1.97 1.08 0.696 0.486 
80 16-4 10-22 5.13 2-04 1.12 0.718 0.503 
86 16.6 10-49 5.28 2.10 1.15 0.736 0-518 
92 16.8 10.73 5.44 2.15 1.18 0.751 0.532 
98 16-9 10-95 5.58 2.21 1.21 0.763 0-546 

12 ° 16 ° 20 ° 24 ° 28 ° 

0.008 0.005 0"003 0.002 0-002 
0.024 0.014 0.009 0.006 0.005 
0-048 0-028 0-018 0-013 0-009 
0.070 0.041 0-027 0-019 0.014 
0.092 0.054 0.035 0.025 0.019 
0.113 0.067 0.044 0-031 0.023 
0.132 0.079 0.052 0.037 0-028 
0-157 0-094 0-062 0.044 0-034 
0.179 0.109 0-072 0"051 0"039 
0-211 0.128 0.085 0.060 0-046 
0.239 0.146 0.096 0-069 0.053 
0.264 0-163 0-107 0.077 0-059 
0-287 0.179 0.118 0-085 0.065 
0-308 0-192 0.128 0.092 0-071 
0.328 0.205 0.138 0"099 0"076 
0.347 0.217 0-147 0-106 0.081 
0.363 0.228 0-155 0-113 0.086 
0.378 0-238 0.164 0.120 0-091 
0.391 0.246 0.172 0.128 0-096 
0.403 0.253 0.179 0.135 0.101 
0.413 0.260 0.185 0.140 0-105 

b 2 = 0.947, b 3 -- 4.356, and a, the screening radius, is 
0.4685/Z 1/3 in Jimgstr6m units.* Equation (8) allows 
analytic integration of (5), (6) and (7). 

Tables 1 and 2 give the values of V(0) and [f(0)[ 
computed from (8) for selected values of Z and 0 at 
39.47 keV. (This voltage corresponds to a wavelength 
of 0.06056 •, the calibration wavelength used in the 
UF 6 studies.) I t  is interesting tha t  even for very light 
atoms the ~(0) differ appreciably from zero. Com- 
parison of ]f(0)] with f•(O), however, indicates a 

* This  fo rm is a b e t t e r  a p p r o x i m a t i o n  to  the  po t en t i a l  
t h a n  the  f i t  of Moli~re (1947) which  we used  in our  p rev ious  
paper .  

maximum difference occurring at high Z of only about 
30°~) over the range of Z and 0 considered.t 

Some remarks are perhaps in order re~ardin~ the 
actual calculation. I t  is convenient to improve the 
convergence of (4) in the following way. For the real 
part  of f(O) we subtract term by term from (4) the 
series 

t The  m a x i m u m  dif ference for  a rgon  is a b o u t  4 %. This  
re la t ive  re l iabi l i ty  of fB(0) accoun t s  for  the  s a t i s f ac to ry  
a g r e e m e n t  f ound  b y  Bar te l l  & B r o c k w a y  (1953) b e t w e e n  t he  
X - r a y  fo rm  fac to r  for  a rgon  ca lcu la ted  f r o m  the  H a r t r e e -  
F o c k  po ten t i a l  and  t h a t  ob t a i ned  b y  use of the  B o r n  ap- 
p r o x i m a t i o n  f rom e lec t ron- in tens i ty  da t a .  
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Table 3. Calculations f rom Hartree potentials 

g V(r) 

9 V(r) =--(Ze2/r) [1"133 e-4"248r- -0"133 e-127"Sr--r(6.173e-lO'51r+ 10.50e-71"4ar)]  (a) 

18 V(r) =--(Zeg"/r) [1-315 e-a'9°ar--0"315 e-88"°Sr--r(7.874e-9"oa4r+ 20"21e-44"22r)] (b) 
74 V(r) = --(Ze2/r) [O.1573e-l"sTsr+o.6520e-7"a51r+ O.1804e-a1"a6r+O.OlO3e -23a'ar] (c) 
80 V(r) ----- --(Zeg]r) [O.1208e-X'o97r+o.4613e-5"4°ar+ 0.3644e-X6"aar+o.o536e -~8"69r] (cO 

0 = 0 ° 1 ° 2 ° 4 ° 6 ° 

Z 
9 0.09 0.10 0-13 0.24 0.34 

18 0.14 0.17 0.24 0.47 0.66 
74 0.23 0.38 0.62 1.13 1"61 
80 0.28 0.41 0"65 1.18 1"69 

7(0) 
8 ° 10 ° 12 ° 16 ° 20 ° 24 ° 28 ° 

0-43 0.50 0.56 0.65 0.72 0-77 0.82 
0.80 0.93 1.03 1-22 1.37 1.51 1.63 
2.03 2.41 2.74 3"30 3.78 4.17 4.51 
2.13 2.52 2"87 3.48 3"95 4"36 4"72 

Z 
9 

18 
74 
80 

0 o 1 o 2 ° 4 o 6 ° 
!f~o)l 

8 ° 10 o 12 ° 16 ° 20 ° 24 ° 28 ° 

2.1(e) 1-8(0 1"22 
4"8 3"8 2"28 

15-2 8"7 4"33 
13.4 8"6 4-80 

(a) Brown, 1933. 
(b) Hartree & Hartree, 1938. 
(c) Manning & Millman, 1936. 
(d) Hartree & Hartree, 1935. 

0"508 0"251 0.148 0"098 0-070 0.042 0"028 0"020 0"015 
0-825 0.423 0-265 0"184 0.135 0-080 0"054 0"039 0.029 
1"93 1.07 0"688 0"483 0"363 0"228 0"157 0.115 0"091 
2"01 1"10 0"705 0-496 0"375 0"236 0"166 0-122 0"097 

(e) For very low 0, the values of [f(0)[ are uncertain owing to insufficient knowledge of the asymptotic behavior of the 
Hartree potentials. 

co 

k -1 ~ (2/+ 1) ~}°P l (cos 0) ,  (9) 
l=O 

and  add fB(O), since subst i tut ion of (5) into (9) yields 
(1). For  the  imaginary  pa r t  of f(O) we subt rac t  t e rm 
by te rm the asympto t ic  form of ( 1 - c o s  2~z) for large 
l, namely  2($~. Using (8) we have  

2 ~  ,.~ (o~2a~/bl)rrka(l+½) -1 exp [ -2 ( l+½)b l / ka  ] 

= g ( l + ½ ) ,  (lO) 

and  we have  for the  resul tant  sum 

co 

( 2 k ) - 1 ~  (21+l)g( l+½)Pz (cos 0) 
l=O 

( ~ a ~ a / b l )  exp [ - b l / k a ]  
(11) 

( 1 -  2 exp [ - 2 b l / k a  ] cos 0 + exp [-4bl/ka])½ " 

When the summat ions  are made  in this way,  negligible 
errors arise from te rmina t ion  of the  series for both 
the  real and  imaginary  par t s  a t  1 = 100, except for 
0 = 0 °, bu t  here an  exact  correction can be applied. 

I n  order to check the  reliabili ty of the  T h o m a s -  
Fermi  potential ,  we have  f i t ted the  H a r t r e e - F o c k  
potentials  for F and  A and the  Har t r ee  potentials  for 
W and  Hg in the  form 

V(r) = -Ze--~ ~, oQr ni exp [- f l i r]  . (12) 
r i 

Equa t ion  (12) also allows analyt ic  integrat ion of (5) 
and  (6). 

Values of ~(0) and  If(0)l for these potentials  a t  

39.47 keV. are given in Table 3. I t  can be seen t h a t  
If(0)[ is re lat ively insensitive to the  potent ia l  used, 
except  a t  low angles. We find, as would be expected,  
t h a t  the  relat ive differences in the  values of ~](0) 
computed f rom the Har t r ee  potentials  and from the 
T h o m a s - F e r m i  potent ia l  increase with decreasing Z;  
yet ,  the  absolute differences do not  increase. Fur ther -  
more, our l imited comparison indicates t h a t  the  Har t r ee  
values differ f rom the T h o m a s - F e r m i  values by  
amounts  which depend somewhat  on 0. bu t  relat ively 
little on Z. Since it is the  absolute error in A~i j = 
~ i - ~ ,  according to equat ion (3), which affects the  
accuracy of t h e  calculation of scat tered intensities, 
it  seems best to use the  T h o m a s - F e r m i  potent ia l  for 
all a toms ra the r  t h a n  to use the  Har t r ee  potentials ,  
where available,  in conjunction with the  T h o m a s -  
Fermi  potential .  

I t  is ex t remely  difficult to give an es t imate  of the  
accuracy of the  results presented in Tables 1 and  2. 
The ac tual  numerical  details, i.e. funct ion values, 
summat ion ,  problems of convergence, etc., have  all 
been adequate ly  handled.  We cannot  be so confident 
of the  theoret ical  details. :No corrections have  been 
made  for polarization, electron exchange, or electron 
spin. The first  two effects are p resumably  impor t an t  
only a t  ve ry  low 1 and the  ex t ra  labor involved in the  
use of the  Dirac equations is not  justified. The W K B  
method  is itself an approx imat ion ;  however,  previous 
invest igators  have  found it to be reliable under  
comparable  circumstances (Bar t le t t  & Welton,  1941; 
Gunnersen, 1952). (We employ an approx imate  W K B  
equation,  (6), which we have  shown gives magni tudes  
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Table 4. Actual and transformed values for Z = 60 

V (keV.) 0( ° ) ~(0)ac,. ~(0)trmx. [f~lact. If~Itrtm. fB(O) 
(radians) (radialm) ____ ___ (A) 

55 2 0.647 0.640 3"91 3.70 4-63 
8 1.91 1.92 0"506 0.470 0.644 

16 2-97 2-98 0.153 0.148 0.188 
24 3-65 3-67 0-076 0.074 0"067 

25 2 0.590 0.576 5.46 5.75 6.85 
8 1.90 1.90 0.826 0.914 1-19 

16 3.08 3.09 0.274 0.294 0"373 
24 3.91 3.92 0.136 0.148 0.108 

and  arguments  differing by  not  more t han  about  3 % 
from those computed from the  more exact  equation.*) 

The pr incipal  source of error in the calculation 
probably  lies in  our uncer ta in  knowledge of the  atomic 
potentials  V(r), which is in fact  so uncer ta in  as to 
jus t i fy  all  our other approximations.  Altogether,  we 
feel tha t  Tables  1 and  2 are sufficiently reliable to 
allow molecular  structures, regardless of the atoms 
present,  to be determined as accurately as is 'presently 
possible for compounds containing atoms of approx- 
imate ly  the  same atomic number .  To be sure, the 
approximat ion  of equat ion (3), i.e. the  neglect of 
valence distortion, p lura l  scattering, and  the like, m a y  
not  be adequate" indeed it  is more doubtful  for the 
actual  atomic scattering with phase shift  t han  for 
tha t  without  phase shift  given by  the  first Born 
approximation.  In  practice, however, this  approxima- 
t ion seems to be satisfactory. 

We note tha t  complex atomic scattering ampli tudes  
cannot general ly be used to calculate the  diffraction 
from single crystals (Hoerni, 1954). Analogous to the 
X- ray  case (Coster, Knol  & Prins,  1930), complex 
f -va lues  used in  the  k inemat ica l  theory  m a y  lead to 

different intensit ies for the  reflections hkl and hkl in 
a crystal  lacking a center of symmetry .  At  the  same 
time, however, dynamica l  interactions arise among a 
number  of diffracted beams in the  crystal,  so t ha t  even 
with complex f -values  the  range of va l id i ty  of the  
k inemat ica l  theory  is l imited to ext remely  small  
crystals.  

4. E x t e n s i o n  to  o ther  voltaf~es 

Our results are direct ly applicable only for V -- Vo = 
39.47 keV. For  voltages V not  too different from Vo, 
the  following t ransformat ions  might  prove useful:  

7(z ,  o, v)  ~ 7(z' ,  0', Vo) if 
z '  = Z(vo/v), sin (0'/2) -- (z'/z)l/3(k/ko) sin (0 /2) ,  (13) 

* The use of equation (6) together with the differences in 
the form of the approximate fit of the Thomas-Fermi potential 
and the use of a convergence factor for the imaginary part of 
f(0) account for the differences in the values for U given 
here and given previously. 

If(Z, o, V)l ~ If(z", o", Vo)l if 
Z"=Z(kvo/kov) 8, sin(O"/2)=(Z"/Z)lla(klko)sin(O/2), 

(14) 

where v o = 1.1148 × 101° cm.sec. -1 and  ko = 103.75 A -1 
refer to 39.47 keY. In  Table 4 results computed for 
Z = 60 for 25 and 55 keV. using (4) are compared 
with the  values deduced fxom Tables 1 and  2 using 
(13) and (14). These t ransformat ions  were suggested 
by the  fact  tha t  they  hold rigorously both  for if(O) 
and, if one assumes the simple screened-Coulomb field 
-Ze~e-rla/r and the second Born approximat ion,  for 
~(0) (Glauber & Schomaker,  1953). The agreement  
exhibi ted in Table  4 for ~?(0) is remarkable  bu t  we do 
not  imp ly  tha t  such agreement  can be obtained in  all  
cases; the  agreement  for If(0)1 is not  as good bu t  the  
indicat ion is tha t  [f(0)lt~n~omed are more reliable t han  

if(o). 

We wish to t hank  Prof. Verner Schomaker  for his 
helpful  criticism of the manuscr ipt .  
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